String tension and area-law probed using quantum superposition 
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We propose a method for measuring the string tension in gauge theories, by considering an 
interference effect of mesons, which is governed by a space-time area law, due to confinement. 
Although it is only a gedanken experiment for real elementary particles, in the context of quantum 
simulations of confining gauge theories such an experiment can be realized. 



Free quarks can not be found in nature, but rather form 
hadrons, due to the phenomenon of quark confinement 
PQ. A quark and an anti-quark, attached to each other by 
a confining flux-tube, form a meson, which is the simplest 
hadron in QCD. The static potential between the quarks, 
as a function of their distance R, takes the form 

V{R) = 1 R (1) 

for large values of R, where 7 = 7(<? 2 ) is called the string 
tension, and g is the coupling constant [IH5- 

Wilson Loops manifests confinement through the area 
dependence. However they involve a product of opera- 
tors along a loop and thus are non-local. We propose an 
alternative method that circumvents this difficulty and 
yet is sensitive to the same area dependence. 

Consider two static quarks, separated by distance R. 
Being static, they are entangled with the gauge field, and 
thus we can formulate our discussion in terms of gauge 
field states. Taking confinement into account, we know 
that the two quarks are connected by a long flux-tube, 
with length R, forming a meson (Quarkonium). We shall 
denote this state as \R). Due to the confinement, the 
energy of this state satisfies 

H\R)= 7 R\R) (2) 

where H is the gauge field's Hamiltonian. 

Suppose that one of the quarks is then moved, along 
the straight line connecting the quarks, a distance L fur- 
ther apart from its original position, using a quark trans- 
lation operator, denoted by T . Due to Gauss's law and 
gauge invariance, the flux tube will "follow" the quark 
to its new position (as a manifestation of the entangle- 
ment between the fermionic and gauge field degrees of 
freedon), creating, eventually, a state T\R) = \R + L), 
satisfying 

H\R + L) = 1 {R + L)\R + L) (3) 

In the subspace of these two states, we can reformulate 
our system as an effective two-level system, with 

|t> = \R + L) ■ \i) = \R);H = 1 R + 1 L |t> (tl (4) 

and identify the quark translation operator as the spin 
raising operator o~ + . 
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FIG. 1. An example of the area law. The antiquark is in 
a superposition of two locations, separated by a distance L. 
The phase difference between the two branches is proportional 
to the area LT. 

Thus, using a unitary transformation U = e i T <Ty one 
could generate a state which is a superposition of two 
mesonic states, with two different string lengths: 

m = U\i) = ^(\i) + \t)) = \W (5) 

After a time period T, the state evolves to 

|^) = i( e ^||) + e ^W|t)) (6) 

- and a relative phase —i'yLT develops between the states 
in superposition. Next, apply U on the state of the sys- 
tem again, to obtain 

U |V (T)) = ~ (e-* RT |t.) + e-^W |W) (7) 

or, after switching back to the z (position) basis, up to a 
global phase 

C ° S ( I ^ T ) lt>+lSin ( 2 ?) l;> (8) 

Now one has to measure the position of the quark in 
superposition. The probabilities of finding the "short" 
meson \R) and the "long" meson \R + L) are, respec- 
tively, 
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The probabilities depend on the phase, which depends on 
the area of the space-time path enclosed by the two super- 
position branches (as in the figure), and is proportional 
to the string tension 7. This can be used to determine 
the string tension's dependence on the coupling constant 
g. The above area depencence is expected in any abelian 
and non-abelian gauge theory within the confining phase. 

Let us examine the relation of the proposed method 
with the Wilson Loop operator. First, one creates an 
eigenstate state of heavy QQ, separated by distance R. 
We call this state \R (g 2 )), and write it in terms of the 
gauge field degrees of freedom. Assuming confinement, 
this corresponds to a quarkonium state, where the two 
quarks are connected by a flux tube; In particular, in the 
strong coupling limit one gets 



lim \ R (g 2 ))=e^o 



10) 



(10) 



For simplicity, we have used an abelian theory. The more 
general non-abelian calculation of a Wilson Loop includes 
some more mathematical details (as, for example, in [5]). 
After a time period T, the state remains the same, but a 
phase is acquired. Thus, the amplitude to remain in the 
same state after time T will be a pure phase, 

B (, 9 2 , R, T) ee (R (g 2 ) I e- iHT \R (g 2 )) = e^ RT (11) 

This phase is area-dependent: it depends on the area RT 
of a space-time loop. In particular, in the strong coupling 
limit g 2 — > 00, this equals the expectation value of the 
Wilson-Loop operator on the very same loop: which is 
the expectation value of a space-time Minkowskian (in 
the temporal gauge): 

B (OO, R,T) = (p\ e iHT e -iS*A^ e -MT e iS *A^ | 0) 

(12) 

This relates to our suggestion in the following way: 
we have considered a superposition of two quarkonium 
states, \ip (T)). Measuring the amplitude of each of the 
superposition constituents at time T results in the phase 

B(g 2 ,a,T) =V2(a(g 2 )\^(T)) (13) 

- where a — R, R + L - the amplitude of finding the 
moved quark in any of its possible locations, in which 
the relevant phases are global and hence nonobservable. 



What we suggest, instead of measuring the probability of 
a specific quarkonium state in time T, is to apply the uni- 
tary transformation U at time T and then measure. This 
mixes the two states, causing them to interfere, transfer- 
ring the relative phase of the Wilson Loops to the argu- 
ments of the probablities. The corrseponding amplitudes 
are thus 



A(a,T) = (a\U\Tp(T)) 



(14) 



from which the probabilities P a — \A(a,T)\ (see equa- 
tion ([9])) are derived. 

Interestingly, the two states in superposition experi- 
ence different electric fields. This is a reminiscent of the 
concept of "private potential" [5J. 

In the Coulomb phase (as in 3+1 QED) or in any other 
V oc RP phase, with (3^1, the appropriate gauge field 
state does not include a flux tube as in the confining 
phase. Hence, the final probabilities will not manifest a 
simple area dependence. This can be used to probe a 
transition between confining and non-confining phases. 

We have presented a method to measure the string 
tension of a confining flux-tube using a superposition of 
mesons. Although it is only a gedanken experiment in the 
context of real- world physics, such an experiment may be 
realized within a quantum simulation of confining gauge 
theories [HE]. 
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